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In the two-dimensional Kondo-Heisenberg lattice model away from half-filled, the local antiferromagnetic
exchange coupling can provide the pairing mechanism of quasiparticles via the Kondo screening effect, leading
to the heavy fermion superconductivity. We find that the pairing symmetry strongly depends on the Fermi surface
(FS) structure in the normal metallic state. When JH/JK is very small, the FS is a small hole-like circle around
the corner of the Brillouin zone, and the s-wave pairing symmetry has a lower ground state energy. For the
intermediate coupling values of JH/JK , the extended s-wave pairing symmetry gives the favored ground state.
However, when JH/JK is larger than a critical value, the FS transforms into four small hole pockets crossing
the boundary of the magnetic Brillouin zone, and the d-wave pairing symmetry becomes more favorable. In that
regime, the resulting superconducting state is characterized by either nodal d-wave or nodeless d-wave state,
depending on the conduction electron filling factor as well. A continuous phase transition exists between these
two states. This result may be related to the phase transition of the nodal d-wave state to a fully gapped state,
which is recently observed in Yb doped CeCoIn5.
PACS numbers: 71.27.+a, 74.70.Tx, 75.30.Mb
The study of heavy fermion intermetallic compounds has
played an important role in our understanding of strongly cor-
related electron systems[1, 2], and the Kondo lattice model
is believed to capture the low temperature physics[3]. It has
been established that the coherent superposition of individ-
ual Kondo screening clouds gives rise to a huge mass en-
hancement of quasiparticles, leading to a heavy Fermi liquid
with a large Fermi surface comprising conduction electrons
as well as local moments[4, 5]. Competing with the Kondo
singlet formation, the local moments indirectly interact with
each other via the Ruderman-Kittel-Kasuya-Yosida (RKKY)
interaction, and the antiferromagnetic (AFM) long-range or-
dered phase emerges in the small Kondo exchange coupling
regime[6–8].
In addition, there has been growing evidence that local
AFM correlation of the local moments can also induce the
formation of Cooper pairs of heavy quasiparticles, leading to
unconventional heavy fermion superconductivity. Due to the
tiny energy gap, the direct experimental measurement of su-
perconducting gap function is extremely difficult. Only re-
cently, inelastic neutron scattering experiments on CeCu2Si2
have revealed a spin resonance peak, an indirect evidence of
the nodal d-wave superconductivity[9]. Thermal conductivity
and heat capacity measurements on CeCoIn5 also supported a
superconducting gap with nodes along the diagonal directions
of the Brillouin zone[10, 11]. More recently, in scanning tun-
neling spectroscopy experiments the nodal points in the su-
perconducting gap of CeCoIn5 were found, as a more direct
evidence of dx2−y2 symmetry[12, 13].
At the same time, an s-wave superconductivity has also
been confirmed in CeRu2 and CeCo2 in nuclear quadrupole
resonance measurements[14, 15], where the spin-lattice relax-
ation rate exhibits an exponential decay at low temperatures
and the Hebel-Slichter peak is observed. Furthermore, the
laser photoemission spectroscopy measurements on CeRu2
have demonstrated a clear anisotropic s-wave superconduct-
ing gap at the Fermi level[16]. Since the Coulomb repulsion is
dominant in heavy fermion systems, these results cast doubts
on whether this fully gapped superconducting state can be un-
derstood within the pairing mechanism of the local AFM cor-
relation.
From the theoretical side, to simplify the RKKY inter-
action, one can explicitly introduce the local AFM Heisen-
berg superexchange interaction JH among the local mo-
ments into the Kondo lattice system[20–26]. When the lo-
cal moments are expressed in terms of fermionic spinons, the
large-N fermionic approach[17–19] can be used to treat the
Kondo-Heisenberg lattice model very efficiently in the limit
of JK > JH , after a spinon hopping order parameter is
introduced[20, 21, 24, 26]. Then an effective hybridization
between the conduction electron and spinon bands leads to a
paramagnetic heavy Fermi liquid. Based on the reconstructed
large Fermi surface (FS), the instabilities of AFM order and
unconventional superconductivity can be further analyzed. As
long as the AFM long range order is suppressed, the spinon
singlet pairings can be also promoted from the local AFM spin
exchange, further reducing the ground state energy. Via the
Kondo screening effect, the Cooper pairs of the conduction
electrons can be induced, leading to heavy fermion supercon-
ductivity. Some numerical evidence on robust d-wave pairings
has been observed in the two-dimensional Kondo-Heisenberg
lattice systems[27–29].
In this paper, we develop an effective mean field (MF)
theory on heavy fermion superconductivity in the Kondo-
Heisenberg lattice model on a two-dimensional square lattice.
In the paramagnetic Fermi liquid phase (JK > JH ), we first
notice that the FS topology undergoes a dramatic change as
the ratio of x = JH/JK is gradually increased. Since the
2spinon singlet pairing from the local AFM exchange cou-
pling has a form factor, which is either an extended s-wave
or d-wave symmetry, we find that the superconducting pairing
symmetry depends on the FS structure. In the presence of the
spinon pairings, we have to introduce the local pairing order
parameter between the conduction electrons and spinons in
the Kondo spin exchange interaction. When x is very small,
the FS is a small hole-like circle around the corner of the first
Brillouin zone. We find that the s-wave superconducting state
has a lower ground state energy[30]. For the intermediate cou-
pling values of JH/JK , the extended s-wave pairing symme-
try gives the favored ground state. However, as x is larger
than a critical value, the corresponding FS consists of four
hole pockets crossing the boundary of the magnetic Brillouin
zone, and the d-wave pairing symmetry is more favorable. In
this regime, the resulting superconducting state can be a nodal
d-wave or nodeless d-wave state, depending on the conduc-
tion electron filling factor as well. This result may be used to
explain the recent experimental observation in the Yb doped
CeCoIn5 (Ref.[31]).
The model Hamiltonian of the Kondo-Heisenberg lattice
model is defined by:
H =
∑
k,σ
ǫkc
†
kσckσ + JK
∑
i
Si · si + JH
∑
〈ij〉
Si · Sj , (1)
where ǫk denotes the conduction electron band, the lo-
cal moments have the fermionic representation Si =
1
2
∑
σσ′ f
†
iστσσ′fiσ′ and τ is the Pauli matrices. There is a
local constraint:
∑
σ f
†
iσfiσ = 1 to restrict any charge fluc-
tuations, and the f-fermions only describe the spin degrees of
freedom of the local moments, which will be referred to as
spinons.
Following the large-N fermionic approach[20, 22], the
Kondo spin exchange and Heisenberg superexchange terms
can be simply expressed as
Si · si = −
1
2
(
f †i↑ci↑ + f
†
i↓ci↓
)(
c†i↑fi↑ + c
†
i↓fi↓
)
,
Si · Sj = −
1
2
(f †i↑fj↑ + f
†
i↓fj↓)(f
†
j↑fi↑ + f
†
j↓fi↓), (2)
where constant terms have been neglected. Then a Kondo
screening and a uniform short-range AFM order parameters
can be introduced as
V = −
∑
σ
〈
c†iσfiσ
〉
, χ = −
∑
σ
〈
f †iσfjσ
〉
. (3)
To avoid the accidental degeneracy of the conduction elec-
trons on a square lattice, we choose
ǫk = −2t (cos kx + cos ky) + 4t
′ cos kx cos ky − µ, (4)
where t and t′ are the first and second nearest neighbor hop-
ping parameters, and a chemical potential of the conduction
electrons µ has been introduced as a Lagrangian multiplier to
fix the density of the conduction electrons nc. Under the uni-
form MF approximation, the spinons also form a very narrow
band with the dispersion χk = JHχ (cos kx + cos ky) + λ
(e)JH=1.055t (f)JH=1.42t(d)JH=0.8t
(c)JH=0.5t(b)JH=0.4t(a)JH=0.2t
 
 
 
 
 
 
 
 
 
 
 
 
FIG. 1: (Color online) The Fermi surface reconstruction of the heavy
quasiparticles as a function of local AFM spin interaction JH/t for
JK = 2t, t
′/t = 0.3 and nc = 0.8.
where λ is also a Lagrangian multiplier to impose the local
constraint on average.
Then the MF Hamiltonian for the heavy Fermi liquid phase
reads
H =
∑
kσ
(
c†
kσ f
†
kσ
)( ǫk 12JKV
1
2JKV χk
)(
ckσ
fkσ
)
+ E0,
(5)
with E0 = N
(
JHχ
2 + JKV
2/2− λ+ µnc
)
. The quasipar-
ticle excitation spectra can be easily obtained
E
(±)
k
=
1
2
[
(ǫk + χk)±
√
(ǫk − χk)
2
+ (JKV )
2
]
. (6)
Then the self-consistent equations for χ, V , λ and µ can be
derived by minimizing the ground state energy. We first per-
form a numerical calculation, choosing the following param-
eters t′ = 0.3t, JK = 2t, and nc = 0.8. The following re-
sults are obtained: as the local AFM interaction JH gradually
increases, the lower branch of the heavy quasiparticle spec-
trum E(−)
k
is calculated and the corresponding FS topology
obtained and displayed in Fig.1.
For a very small local AFM Heisenberg spin exchange, i.e.
JH/t ≤ 0.355, we can clearly see that the FS is a hole-like
circle around the corner of the first Brillouin zone, which cor-
responds to the large electronic FS of the heavy quasiparticles.
At JH/t = 0.356, the topology of the FS starts to change: a
small circle emerges in the center of the deformed hole FS. As
JH/t is further increased, both circles expand and the small
one is deformed into a rotated square. Up to JH/t = 0.481,
the two deformed circles intersect each other and then de-
compose into four kidney-like Fermi pockets. When JH/t
continues to increase, the resulting FS is shifted inward along
the diagonal direction. The detailed discussion had been pre-
sented in our previous publication[26]. At JH/t = 1.0556,
the Fermi pockets are close to the momentum (π/2, π/2) and
its equivalent points. Actually such a FS structure starts to
cross the boundary of the magnetic Brillouin zone. Quantum
Monte Carlo cluster approach has been used to study the evo-
lution of the FS close to the magnetic transition in the two-
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FIG. 2: (Color online) The extended s-wave and d-wave form factors
of the spinon pairings.
dimensional Kondo lattice system[5], where the heavy quasi-
particle bands drop below the FS giving rise to hole pockets
around k = (π/2, π/2) and equivalent points. Our obtained
FS structure is consistent with this numerical result.
To further consider the instability of the heavy Fermi liq-
uid state, we should notice that the local AFM Heisenberg su-
perexchange can also be written in terms of the spinon singlet
pairs up to a constant
Si · Sj = −
1
2
(f †i↑f
†
j↓ − f
†
i↓f
†
j↑)(fj↓fi↑ − fj↑fi↓). (7)
Actually, Coleman and Andrei[20] had emphasized that the
local SU(2) gauge invariance of the local Heisenberg spin op-
erator generally requires the consideration of both spinon hop-
ping and pairing order parameters. Further arguments can be
made by using the symplectic representation of the local mag-
netic spins[32]. Then the spinon pairing parameter is intro-
duced as
∆ij = −〈f
†
i↑f
†
j↓ − f
†
i↓f
†
j↑〉. (8)
For a two-dimensional square lattice model, the spinon pairing
order parameter ∆ij has a form factor with either an extended
s-wave or the d-wave symmetry[33]. Both the extended s-
wave and d-wave form factors in the momentum space have
sign change in the Brillouin zone and are shown in Fig.2.
When the spinon pairings are present, the local pairing or-
der parameter between the conduction electrons and spinons
has to be introduced, because the Kondo spin exchange inter-
action can also be expressed as
Si · si = −
1
2
(
c†i↑f
†
i↓ − c
†
i↓f
†
i↑
)
(fi↓ci↑ − fi↑ci↓) . (9)
Then a local s-wave pairing order parameter is defined by
∆cf = −〈c
†
i↑f
†
i↓ − c
†
i↓f
†
i↑〉, (10)
so the MF model Hamiltonian in momentum space can be
written in a compact form
Hmf =
∑
k
ψ†
k


ǫk 0
JKV
2
JK∆cf
2
0 −ǫk
JK∆cf
2 −
JKV
2
JKV
2
JK∆cf
2 χk JH∆k
JK∆cf
2 −
JKV
2 JH∆k −χk

ψk
+
∑
k
(ǫk + χk) + E0, (11)
where a Nambu spinor has been defined as
ψ†
k
=
(
c†
k↑ c−k↓ f
†
k↑ f−k↓
)
, and E0 =
N
[
JK
(
V 2 +∆2cf
)
/2 + JH
(
∆20 + χ
2
)
− λ+ µnc
]
.
The spinon pairing gap function is chosen as
∆k = ∆0(cos kx ± cos ky), (12)
for extended s-wave and d-wave pairing, respectively. Diago-
nalizing this MF model Hamiltonian, two quasiparticle bands
are derived
E±
k
≡
√
Ek1 ±
√
E2
k1
− E2
k2
,
Ek1 ≡ 1
2
(
ǫ2k + χ
2
k + J
2
H∆
2
k
)
+ J2K
(
V 2 +∆2cf
)
/4,
Ek2 ≡
√[
ǫkχk − J2K
(
V 2 −∆2cf
)
/4
]2
+ (ǫkJH∆k − J2KV∆cf/2)2.
Due to the particle-hole symmetry of the superconducting
quasiparticles, all negative energy states are filled up in the
ground state, and the ground state energy density is thus ob-
tained
Eg = −
√
2
N
∑
k
√
Ek1 +Ek2
+
JK
2
(
V 2 +∆2cf
)
+ JH∆
2
0 + JHχ
2 + µ(nc − 1).
The saddle point equations for the MF order parameters V ,
χ, ∆0, ∆cf and λ can also be determined by minimizing the
ground state energy. The chemical potential µ is still deter-
mined by the conduction electron density nc. It should be
emphasized that the obtained MF order parameters V , χ, and
λ are different from those values in the normal paramagnetic
phase. In particular, the difference of the chemical potential
µ modifies the position of the Fermi energy as well as the FS
structure.
Although there are no direct attractions among the conduc-
tion electrons, the spinon singlet pairings and the pairings of
the conduction electrons and spinons provide an indirect glue
for the formation of the Cooper pairs of conduction electrons
via the Kondo screening/hybridizing effect. So the result-
ing ground state represents a heavy fermion superconducting
state. With the help of the double-time retarded Green func-
tion, the Cooper pairing order parameter of the conduction
electrons can also be deduced
〈
c†
k↑c
†
−k↓
〉
=
JHJ
2
K∆k
(
∆2cf − V
2
)
+ 2J2KχkV∆cf
8Ek2
√
2 (Ek1 + Ek2)
.
(13)
We find that the coexisting cases (∆cf∆0 6= 0) of the lo-
cal electron-spinon and spinon-spinon pairing are unstable.
Therefore, only three cases of the s-wave (∆cf 6= 0), the ex-
tended s-wave and d-wave spinon pairing symmetries are dis-
cussed in the following. When we choose t′ = 0.3t, nc = 0.8
and JK = 2t, the MF self-consistent equations are numeri-
cally solved, respectively. The obtained pairing strengths are
displayed in Fig.3a. When 0 < JH/t < 1.02, the s-wave
pairing strength is the largest. For 1.02 < JH/t < 1.36,
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FIG. 3: (Color online) (Top) The pairing strengths ∆cf and ∆0 as a
function of the local AFM spin interaction JH/t. (Bottom) The con-
densation energies with s-wave, extended s-wave, and d-wave pair-
ing symmetries. The other parameters are choosen as t′/t = 0.3,
nc = 0.8, and JK/t = 2.
the extended s-wave pairing strength has a larger value than
the d-wave pairing strength. Only for JH/t > 1.36, the
d-wave pairing strength becomes larger. Moreover, the su-
perconducting condensation energies are compared, we find
that the s-wave pairing has a lower ground state energy in
the range 0 < JH/t < 0.886, the extended s-wave pairing
symmetry has a relatively lower energy in the range 0.886 <
JH/t < 1.056, and the d-wave paring state becomes favorable
for JH/t > 1.056. The corresponding results are displayed in
Fig.3b. As a reference, the ground state energy of the heavy
Fermi liquid phase has been subtracted to obtain the conden-
sation energies. As we expected, the s-wave, extended s-wave,
and d-wave symmetric superconducting states can further save
the ground state energy.
According to the above results, two discontinuous phase
transition are expected in the superconducting phase. When
the local AFM spin exchange interaction JH/t < 0.886, the
s-wave pairing state is the ground state. For 0.886 < JH/t <
1.056, the pairing form factor with s-wave pairing symmetry
matches the FS structure of the heavy quasiparticles, and the
extended s-wave superconducting state is the ground state of
the system. However, when JH/t > 1.055, the pairing form
factor with d-wave symmetry matches the FS, and the d-wave
superconducting state becomes more favorable. Therefore,
due to the presence of the FS deformation, the resulting su-
perconducting pairing symmetry is very sensitive to the local
AFM spin exchange.
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FIG. 4: (Color online) The lower branch of the superconducting
quasiparticle excitation energy for different conduction electron fill-
ing factor with t′/t = 0.3, JH/t = 1.42 and JK/t = 2.0.
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FIG. 5: (Color online) The ground state phase diagram of the super-
conducting state with t′/t = 0.3 and JK/t = 2.0.
Moreover, as the filling factor of the conduction electrons
is increased, another continuous transition can be exhibited
from the lower superconducting quasiparticle excitation spec-
trum. The d-wave symmetric superconducting state shows a
phase transition from the nodal d-wave to the nodeless d-wave
states. This is a very unusual phenomenon in the supercon-
ducting phase. When the Fermi level of the normal phase is
very close to the top band edge, the d-wave pairing amplitude
becomes larger than the bandwidth of the heavy quasiholes,
and the superconducting pairing state actually belongs to the
strong pairing regime. Then the nodes in the superconducting
quasiparticle excitation spectrum are no longer protected by
the d-wave symmetry. In Fig.4, we show that the lower super-
conducting quasiparticle excitation spectrum with t′/t = 0.3,
JH/t = 1.42 and JK/t = 2.0 for different conduction elec-
tron filling factor. For the cases of nc = 0.8 and 0.829, we
can see the nodes around (π/2, π/2) and its equivalent points,
while for nc = 0.87 and 0.9, a small gap opens up. A general
ground state phase diagram has been summarized in Fig.5.
In conclusion, we have presented an effective MF theory
for heavy fermion superconductivity in the two-dimensional
5Kondo lattice model with the local AFM Heisenberg exchange
coupling among the local moments. We would like to em-
phasize that, it is the local AFM short-range interaction that
can deform the FS structure of the heavy quasiparticles and
induce unconventional superconducting long-range ordered
states. Due to the presence of spinon singlet pairing, the
Cooper pairs among the conduction electrons are induced via
the Kondo screening effect. However, the pairing symmetry
depends on the FS topology of heavy quasiparticles in the nor-
mal state, which is determined by the strength of the local
AFM spin exchange and the conduction electron filling factor.
When the local AFM Heisenberg exchange coupling is
weak, the heavy Fermi liquid phase has a small hole Fermi
pocket around the corner of the Brillouin zone, and the s-
wave and the extended s-wave form factor of the local AFM
interaction matches the FS, so the s-wave superconductivity
is more favorable. Such a situation occurs in the materials
of CeRu2 and CeCo2, as supported by various experimental
measurements[14–16]. Since these materials show a heavy
Fermi liquid behavior in the normal state, the local AFM spin
exchange interaction is expected to be very weak but can still
provide an attractive glue among the fermionic spinons.
When the local AFM Heisenberg exchange coupling is
stronger than a critical value and the conduction electron fill-
ing factor is not close to the half-filled limit, the correspond-
ing FS of the heavy Fermi liquid changes into four small hole
pockets around the momentum (π/2, π/2) and its equivalent
points. Such a FS structure more favors the d-wave form fac-
tor of the local AFM correlation. So the nodal d-wave super-
conducting state can be obtained, and such a situation happens
in the materials of CeCu2Si2 and CeCoIn5, with support from
various experimental measurements[9, 10, 12].
More recently, some interesting experimental results have
been discovered upon Yb doping in CeCoIn5. The supercon-
ductivity is extremely stable and the transition temperature
linearly depends on the Yb doping concentration[34], and the
temperature dependence of the London penetration depth in-
dicates that the nodal d-wave superconductivity changes into a
fully gapped state after a critical Yb doping[31]. The transport
measurements[35] have indicated that the large amount of Yb
doping introduces holes into the system. This is equivalent to
increasing the conduction electron filling factor in our theory,
so the transition observed experimentally just corresponds to
the continuous phase transition from the nodal d-wave state to
the nodeless d-wave state. In order to fully explain this tran-
sition, further theoretical work including the estimation of the
fluctuations around the MF solution should be considered.
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